Using theoretical results from complex rotation calculations and data from experimental photoionization cross sections, the quantum defects, the widths, the oscillator strengths and the shape parameter of Rydberg series of autoionizing 1 P o resonances in helium, excited with synchrotron radiation from the ground state, are reviewed and analysed systematically. The relation of these resonance properties to the propensity rules for radiative and non-radiative transitions in two-electron atoms is established.
Introduction
Ever since the discovery of strongly correlated two-electron states in early photoabsorption experiments with helium [1] doubly excited states have been in the centre of experimental [2] [3] [4] [5] [6] [7] [8] and theoretical [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] efforts to understand correlated two-electron dynamics. Recent measurements of photoabsorption [19] as well as electron emission measurements following photoabsorption [20] have reached unprecedented resolution in energy, which has been achieved with a new generation of synchrotron radiation sources and new detector technology. This resolution allows the determination of sensitive details of many resonances beyond their energy position and their widths, namely the Beutler-Fano shape parameter q [21] . Simultaneously, the increasing computing power together with well adapted basis sets for the two-electron Hamiltonian have permitted the ab initio calculation of those resonance parameters [8, 18] . The most extensive theoretical studies have concentrated on the L = 0 states. For such states the existence of approximate quantum numbers [10, 22] and the existence of propensity rules for autoionization [23] and dipole transitions [13, 24] has been confirmed by high precision calculations [25] .
In this study we will discuss resonances of 1 P o symmetry, which are experimentally accessible through photoexcitation from the ground state. The experimental and theoretical determination of the q-parameter is for many resonances still at the limit of technical feasibility. Nevertheless, enough material is now available for a systematic overview of the behaviour of the q-parameter, at least for moderate excitation energies. We will explicitly examine the behaviour of the widths of resonances in the light of the propensity rules for autoionization. Secondly, we will test the propensity rules for photoabsorption looking at the dipole transition probability B 2 into the bound part of the resonant wavefunction. We can elucidate the mechanism of dipole absorption in more detail than in previous publications by including the influence of the initial state in the prediction of propensities. Finally, we will relate the behaviour of the q-parameter for individual Rydberg series to the respective quantum numbers and propensity rules. It turns out that the q-parameter is a much more sensitive probe of the dynamics than the resonance positions and even the widths. The increasing sensitivity is easily understood from the nature of these quantities as we will see later.
Within the resonance spectrum, well ordered according to the approximate quantum numbers, we have identified three mechanisms of perturbation whose effects on the resonance parameters are of different strength. The regularity can be perturbed by degeneracies between individual resonance energies from different Rydberg series. A second source of perturbation, setting in at higher energies, comes from the so-called perturber states. Finally, a third but rare source of exceptional behaviour is induced by the morphological similarity of initial-and final-state wavefunctions in the dipole matrix element.
In order to render this paper as self-contained as possible and as such a helpful tool for everybody dealing with doubly excited atomic states, we will summarize some of the concepts and results that are important in the present context. In this spirit we also provide, for future reference, an appendix with tables of our theoretical ab initio resonance data of the Rydberg series up to the excitation threshold N = 7 of the ion He + , as far as we have calculated them. In section 2 we review the theoretical basis of the resonance parameters formulated within the concept of complex rotation [26] [27] [28] . Rydberg series can be described most elegantly within the quantum-defect theory (QDT) [29] , which will be addressed briefly. Section 3 contains a review of the approximate quantum numbers and propensity rules. In section 4 the applicability of the respective propensity rules is critically examined by comparison with the available data that will be discussed for each manifold N = 2-7 separately. Section 5 summarizes the results.
Theoretical description

Complex rotation and the photo cross section
In recent years it has become possible to calculate cross sections of two-electron processes with a number of numerical methods. In most of them, e.g. in the R-matrix methods [30] [31] [32] or in the hyperspherical close-coupling method [15, 17] as well as in conventional closecoupling methods [33] , the cross section is computed on a mesh of energies E. Resonance parameters such as resonance position (E n ), width ( n ) and-in photoabsorption-the shape parameter (q n ) are subsequently extracted by a fit in a similar way to that used when these parameters are determined from experimental cross sections.
The method of complex rotation [26, 27] is different in that the resonant states are determined directly through diagonalization of a Hamilton matrix [25, 28] . This is possible because the functions of the basis set, containing non-integrable continuum functions to represent the resonant states, are rotated in Hilbert space by complex scaling of the radial coordinates r → re iθ in a way that their norm exists and the elements of the Hamilton matrix are well defined. As a consequence, expectation values, or, more precisely, diagonal matrix elements of these complex scaled resonant wavefunctions |n θ , are in general complex. This is familiar from the expectation value of the Hamiltonian itself, n θ |H |n θ = E n − i n /2, where we are used to interpreting the real part of E n as the position of the resonance and the imaginary part n /2 as its half decay width. However, the expectation values of other operators become complex as well, and their imaginary parts can be used to gain deeper insight into the dynamical details of a system near resonance [34] .
Photoabsorption involves the dipole transition probability P n = | i|D|n | 2 based on the non-diagonal dipole transition matrix element. With the complex rotated resonant state, this probability becomes complex again at resonance reading [26] 
The squared dipole matrix element is a result of the way in which scalar products are formed with complex rotated wavefunctions [34] . Hence, the familiar formula for the photo cross section, σ (E) = −1/π Im i|D † G(E)D|i , reads with complex rotated wavefunctions
where σ 0 (E) is a smooth background coming from the continuum spectrum of H . Writing real and imaginary parts separately, i|D|n θ = B n + iC n , a simple algebraic manipulation transforms (2) into the Fano-shape parametrization of the photo cross section [21] ,
where
Theoretically, the parameters of (4) are contained in the two matrix elements
of the complex scaled resonant wavefunctions.
To develop a deeper understanding of q n as the ratio of the real to the imaginary part of the dipole matrix element, we assume for the moment the simple situation of two electrons with principal quantum numbers N and n that interact with the nucleus but not with each other. A doubly excited state |N, n would not decay but would be degenerate at the same energy E = E N + E n with |N , (for simplicity we assume for the moment only one continuum N < N). The electron-electron interaction couples these two states and the doubly excited state becomes a true resonant state with a finite lifetime. Its complex scaled wavefunction at the complex resonance energy reads [34] |n θ = a|N, n + b|N θ (6) where | θ is a (complex scaled) purely outgoing wave. All other wavefunctions as well as the coefficients a, b can be taken as real. If we rearrange the dipole matrix element involving a (real) initial state |i and the resonant wavefunction as given by (6) according to its real and imaginary parts as in (5), we obtain:
Apart from the small admixture of the (irregular) continuum wavefunction, B n represents the dipole coupling to the quasibound state |N, n that is responsible for the resonance. The imaginary part C n represents the dipole coupling to the continuum. Therefore, we may say that q 2 measures the ratio between the dipole excitation probability to the quasi-bound state and to the continuum at resonance. Very large q 2 values indicate a vanishing continuum coupling, while q 2 ≈ 0 indicates dominant continuum excitation.
Comparison between experiment and theory is possible for E n , n , q n and, if µ 2 n is known experimentally, for C n and B n . However, the direct experimental determination of µ 2 n from a fit to the cross section may be severely hampered by a large background. In this case it is easier to calculate the area F n under a resonance profile σ n ,
The last identity shows that
in analogy to the definition of an observable from O = Re n θ |O|n θ from complex rotated wavefunctions. However, (9) does not recover the positive definiteness of a transition probability as it is familiar from square integrable wavefunctions. Negative F n indicate that the resonance profile appears as a dip, also called a window resonance. From (9) it follows, with |q| < 1 (i.e. |B n | < |C n |), that a window resonance has dominant continuum excitation.
In the case of the dipole selection rule, B 2 n becomes important, which can be expressed as
Representation of Rydberg series
In the limit of one electron with principal quantum number n N , where N is the principal quantum number of the other electron, we have a Rydberg series for the outer electron almost as in the case of hydrogen. The small perturbation induced by the core electron causes a quantum defect δ(E), which is a slowly varying function of the energy E and which shifts the energy levels as determined by the condition
where R is the Rydberg constant and I N is the threshold energy of the excited He + ion to which the Rydberg series converges. From the effective quantum number ν(E), the quantum defect
is defined, where the resonances within a series converging to the threshold N are labelled with increasing energy by n = n min , n min + 1, . . .. From (11a) it is clear that n is only defined within integer multiples, since the quantum defect is, strictly speaking, only defined modulo 1. We choose n min for the lowest resonance in each Rydberg series in accordance with the historical independent electron configuration Nl. It permits 'intrashell' configurations |Nl, n min l + |n min l , Nl with n min = N for 'symmetric' states and requires 'intershell' configurations with n min = N + 1 for certain 'asymmetric' states |Nl, n min l − |n min l , Nl . We define 'symmetric' and 'asymmetric' with respect to the electron exchange in the body-fixed frame, denoted by the quantum number A = ±1. The definition n min = N for symmetric states and n min = N + 1 for asymmetric states can be formalized as n min = N + (1 − A)/2. This definition, which provides a smooth dependence of the quantum defect on the quantum number K in each manifold N, only coincides with the historical definition of n min for L = 0 states. In the framework of QDT multiple Rydberg series which perturb each other can also be treated. However, we do not attempt to describe this theory here, which is well documented in the original research papers [29] as well as for example in the book by Friedrich [35] . With the help of QDT, we will only motivate the scaling of the resonance parameters from (4) belonging to a given Rydberg series. Condition (11a) defines bound-state energies, but it can easily be extended to resonances in the spirit of complex rotation by introducing a complex quantum defect δ = δ n +iδ I in (11a). Neglecting terms of order δ I /ν 2 and smaller, the complex resonance energies fulfilling (11a) read as
Accordingly, the reduced width * n /2 = n ν 3 /2 = Rδ I should vary slowly along a Rydberg series for n → ∞. Similarly, we may define reduced parameters for photoabsorption that approach a constant value for n → ∞. In summary we describe photoabsorption to Rydberg series with the following reduced quantities:
From (4) it is clear that the q n -parameter is already a reduced quantity that will approach a constant value for n → ∞ [36] . This is also true for µ 2 n .
The molecular approximation
The fact that all the quantities of (14) change smoothly with the excitation ν of the outer electron indicates the possibility of adiabatic approximations. In 1968 Macek [37] introduced the adiabatic hyperspherical approximation to this problem. Lin [38] considerably advanced this approach by showing that one can attach quantum labels to the adiabatic hyperspherical potential curves consistent with the nodal pattern found in numerically computed resonant wavefunctions. Later the hyperspherical treatment was stepwise turned into a quantitative numerical tool for the computation of resonances by Sadeghpour and Greene [13] , and more recently by coupling adiabatic hyperspherical channels in the hyperspherical close coupling method [15] . In 1986 Feagin and Briggs introduced another adiabatic approach similar to the Born-Oppenheimer approximation for a diatomic molecule, namely H + 2 , but with reversed roles of electrons and nuclei: for doubly excited states in helium the interelectronic axis R is kept fixed to generate adiabatic potential curves U(R) as a function of R. The spatial adiabatic wavefunction is a product of a rotational part D L,S,t Mm ( , , φ), a vibrational part f L im (R) and a molecular orbital (MO) t im (ρ, z; R) (see [14] )
where ( R, r) are a set of Jacobi coordinates with R connecting the two electrons and r = (ρ, z, φ) pointing from the middle of the two electrons to the nucleus. In the bodyfixed frame, connected to the laboratory-fixed frame by the Euler angles , , φ, the interelectronic vector R is parallel to the z-axis. In contrast to [14] the azimuthal angular dependence on φ is described by the rotational wavefunction D L,S,t Mm ( , , φ) and the MO is a wavefunction for the centre-of-mass motion of the nucleus in the coordinates ρ, z at fixed internuclear distance R and for a given quantized azimuthal motion m. The index i counts the quantized states in (ρ, z). The potential for this motion (with m = 0) is shown in figure 1 . R ee - Figure 1 . The two-centre Coulomb potential −2/r 1 − 2/r 2 is shown at fixed interelectronic distance of 2 au for two-electron motion in helium. The z-axis is parallel to R, the ρ-axis perpendicular to it, see text.
The wavefunction (15) has been constructed to respect all the two-electron symmetries. In particular the rotational part consists of a symmetry adapted linear combination of Wigner D-functions for the Euler angles which transform from a body-fixed to a laboratory-fixed coordinate system,
Hence, the wavefunction (15) is an eigenfunction of the permutation operator P 12 for the (identical) electrons P 12 : R → − R, r → r with eigenvalue (−1) S where S is the spin of the electron pair, either singlet (S = 0) or triplet (S = 1). Furthermore, it is an eigenfunction of the parity operator P : R → − R, r → − r with eigenvalue π and therefore of the product operator P P 12 with eigenvalue (−1) t = (−1) S π . The remaining quantum number m is the eigenvalue of the projection operator l z where l = −i r ∧ ∇ r and also of the body-fixed component L z of the total angular momentum L.
It can be shown that the wavefunction (15) approximately diagonalizes the two-electron Hamiltonian [14] if its parts are constructed as follows. For fixed R the molecular orbital ψ t Lm (ρ, z; R) is an eigenfunction of the two-centre Hamiltonian (Z = 2 for helium)
with the Born-Oppenheimer eigenvalue E im (R). The vibrational wavefunction f L im (R) is an eigenstate of the adiabatic potential
is the expectation value of H − h m , the part of the Hamiltonian not diagonalized by im . Due to the contribution of kinetic energies which enter with different sign in (18) C(R) is small for almost all values of R.
The most important feature of the molecular approximation is the fact that the two-centre
Hamiltonian (17) is separable in prolate spheroidal coordinates [47] 
The separability implies a product form for the MO with quantum numbers n λ , n µ which count the nodes along the respective coordinates,
Individual resonances are obtained by computing vibrational eigenstates in these potential curves according to the Schrödinger equation
The vibrational quantum numbern specifies the excitation of one electron along a Rydberg series where forn → ∞ the inner electron remains in an excited He + ion. Physically, n counts the same states as n in (12) and the relation between both quantum numbers is n = n − N, where N is the principal quantum number of the He + (N ) hydrogenic level for n → ∞. For all distances R of the electrons, or similarly, for any excitationn of the outer electron, the state of the inner one and the corresponding potential curve U(R) is defined by the molecular quantum numbers n λ , n µ , m. However, in the 'separated atom' limit, when the outer electron has been removed to infinity, it is more convenient to express these quantum numbers in terms of Stark quantum numbers N 1 , N 2 , m and A for the inner electron in the field of the remote outer electron, where one has directly N = N 1 + N 2 + m + 1. Since Stark and molecular quantum numbers are in one-to-one correspondence (see the next section) they are equivalent and we will use the Stark notation in the following since it is closer to other classifications which exist in the literature. imply an approximate nodal structure of the wavefunctions which in turn leads to propensity rules for radiative transitions involving doubly excited states as well as autoionization. Figure 2 illustrates schematically the calculation of a doubly excited two-electron state with all its quantum numbers in the molecular approximation. The most recent activity concerning adiabatic approaches to the two-electron problem has led to a merging of the molecular and hyperspherical adiabatic approach with the formulation of so called hyperspherical elliptic coordinates. They preserve, to a good extent, the structure of the two-centre molecular Hamiltonian, however, they do not for fixed interelectronic axis R, only for fixed hyper-radius R [39] .
In the next section we will briefly review how the different Rydberg series can be characterized according to the respective approximate quantum numbers of the inner electron, which again remain approximately constant along a given Rydberg series.
Approximate quantum numbers and propensity rules
If the two electrons in a two-electron atom moved independently of each other in the field of the nucleus with charge Z, the spectrum would consist of energy levels described by individual quantum numbers nlm and n l m . The high degeneracy of the spectrum of two independent electrons is lifted if the electron-electron repulsion is included. Moreover, as a 'good' quantum number (corresponding to an operator that commutes with the Hamiltonian) only the total angular momentum operators L 2 and L z survive, apart from (trivial) discrete symmetries such as parity and electron exchange as described above (16) . These facts have motivated the adiabatic approximations discussed above.
Approximate classification schemes
Herrick and co-workers [10, 40, [42] [43] [44] approached the correlated motion of two electrons from the 'planetary atom' [45] limit where one electron is much further apart from the nucleus than the other, n outer ≡ n n inner ≡ N . They deduced algebraically several multiplet structures of the resonant states and revealed an approximate set of quantum numbers for the inner electron which are just the Stark quantum numbers [N 1 N 2 m], or in alternative notation N (K, T ) with K = N 2 − N 1 and T = m †. The parabolic quantum numbers characterize the dynamics correctly if the second electron is so far away that it merely creates a (constant) electric field for the inner one. Herrick was surprised that the new classification scheme remained valid even when n = N , that is, when both electrons are approximately equally distant from the nucleus [10] .
Within the molecular approach as described in section 2.3 Feagin and Briggs [11, 22] later showed that Herrick's classification scheme could be justified with the exact dynamical symmetries (quantum numbers) of the two-centre Coulomb problem, best known from the H + are uniquely related to the asymptotic (parabolic) classification and to Herrick's quantum numbers through Parabolic Molecular Herrick
The notation [x] stands for the closest lower integer to x.
Since the information of even and odd nodes n µ is lost in the parabolic/Herrick's classification, an additional quantum number must be introduced, which has already been given by Herrick [43] . Today it is commonly denoted by A, as coined by Lin who used A as a label to characterize hyperspherical potential curves for two-electron atoms with the values A = +/−1 for an antinodal/nodal line of the corresponding adiabatic wavefunctions at r 1 = r 2 . Lin [38] used the label A = 0 for no apparent symmetry with respect to the line r 1 = r 2 . In the two-centre adiabatic approach, A is indeed the eigenvalue of the bodyfixed electron exchange operator with values A = ±1 from A = (−1) n µ . A = 0 does not occur in this description. This is why we put the last equality of (22) in parentheses. The correspondence to a hyperspherical potential curve with the empirical label A = 0 would Table 1 . Equivalent quantum numbers for 1 P o resonances of helium in the manifolds N = 1-7.
Parabolic
Herrick
be a linear combination of several molecular potential curves of different symmetry A. All states of the N = 2-7 manifolds with their respective quantum numbers are listed in table 1. On each state [N 1 N 2 m] A , n λ , n µ , m, or N (K, T ) A of the inner electron a whole (Rydberg) series of resonances is built with increasing excitation of the outer electron indicated by its principal quantum number n (see also figure 2 ). For n → ∞ the two-electron atom is ionized and the He + remains in the excited state of the inner electron. To describe the Rydberg series the additional index n can be added so that a correlated two-electron state has the complete classification [N 1 N 2 m] A n or N (K, m) A n . In the special case of states with 1 P o symmetry (with which we deal here exclusively since this is the symmetry populated by photoabsorption from the 1 S e ground state of helium) we may simplify the notation. As can be easily verified only the combinations m = 0, A = −1 and m = 1, A = +1 are possible. Hence it is not necessary to specify A explicitly. Moreover, provided only m = 0, 1 occur (for 1 P o states) it is not even necessary to state m explicitly if N is known. From N − K = 2N 1 + m + 1 follows that m = 0 for N − K odd and m = 1 for N − K even. Hence, for photoabsorption from the ground state of helium one can use the short notation N, K n to label resonant states [8] . An equivalent abbreviation for the parabolic classification is N, N A 2 and for the molecular quantum numbers N, n µ . Depending on the aspect of two-electron correlation one is interested in one or another set of these equivalent designations of the approximate constants of motion is of advantage. In this paper we will mostly use the parabolic set of quantum numbers [N 1 N 2 m] A and the short version N A 2 for states of 1 P o symmetry. It provides all quantum numbers separately and, nevertheless, with N = N 1 + N 2 + m + 1, the corresponding N manifold is easily read from this classification. Also, the physical interpretation of [N 1 N 2 m] A as the levels of the inner electron in the field of the (distant) outer electron is intuitively clear: nodes in N 1 locate charge density of the inner electron towards the outer one (both electrons are on the same side of the nucleus) while nodes in N 2 indicate that the electrons are located on opposite sides of the nucleus. Finally, the parabolic quantum numbers are in between the (more physical) spheroidal two-centre quantum numbers n λ , n µ , m and the (more commonly used) quantum numbers (K, T ) A . For the radiative propensity rules yet another combination of the described quantum numbers plays an important role.
Propensity rules for radiative and non-radiative transitions
3.2.1. Autoionization. The approximate constants of motion for correlated two-electron dynamics imply a nodal structure for the respective resonant states [48] . In turn this nodal structure leads to preferences for autoionization [23] . They are easily understood in the molecular language of adiabatic potential curves for He identified by a set [N 1 N 2 m] A of quantum numbers. A small subset of such potential curves as a function of the adiabatic interelectronic distance R is shown in figure 3 . The most obvious features in figure 3 are avoided crossings between the two potential curves respectively. Their locus as a function of R (indicated by full squares in figure 3(b) ) follows closely the saddle point of the twocentre Coulomb potential that plays a crucial role for the three-body Coulomb problem. The saddle point for fixed R (see figure 1 ) is defined by r 1 + r 2 = 0, where the r i are the two electron-nucleus vectors.
The avoided crossings may be interpreted in the following way: to the right of such a crossing, the adiabatic two-electron wavefunction has its main contribution in one of the Coulombic wells separated from the other well by a classically forbidden region, with the probability density at the saddle point being small. To the left of the avoided crossing, the wavefunction has its main contribution at the saddle point. Hence, the avoided crossings separate two regions in R in which the wavefunction has different character. As can be seen in figure 3 , potential curves whose quantum numbers differ by N 2 = 1 (i.e. n µ = 2) display avoided crossings, which are narrower for A = +1 states (whose wavefunction has an antinode on the saddle) than for A = −1 states (with a node on the saddle, compare figure 3 (a) with figure 3(b) ). In the latter case the change in character of the wavefunction as a function of R passing an avoided crossing is not so dramatic, since for reasons of symmetry the wavefunction is zero exactly at the saddle point for all R.
The mechanism of autoionization relies on non-adiabatic transitions in this description, in full analogy to electronic transitions in molecules, as explained in [14, 23] . Radial transitions are sensitive to the change of the wavefunction as a function of R. Hence, they occur preferentially through an avoided crossing of two potential curves. The second kind of non-adiabatic transition is due to rotational coupling m = 1 between potential curves. Finally, there is no explicit mechanism to change N 1 (n λ ). Hence, decay with N 1 = 0 is strongly suppressed. From these observations one can extract three propensity rules for autoionization [23] , which are labelled according to the relative efficiency of the underlying decay mechanism: In general, states with A = +1 have larger widths than those with A = −1. The decay systematics for the lowest resonance n = N in each series [N 1 N 2 m] is visualized in figure 4 . Each box contains the width of the lowest resonance of the respective series with quantum numbers [N 1 N 2 m]. The box also represents the continuum [N 1 N 2 m] into which a higher lying resonance may decay as indicated by the arrows and the respective mechanism (A), (B) or (C).
In the upper right triangle the states with A = +1 are located. Those which can decay according to rule (A) have the largest widths (of the order of 10 2 meV). The arrows point to quantum numbers of the continuum into which these states decay according to rule (A). Close to the (broken) diagonal line separating A = +1 and A = −1 states we see those resonances that cannot decay by (A). Instead, they decay according to (B) by changing their rotational quantum number. Since this change also implies a change of A, the decay arrow has to cross the diagonal and points to a continuum state with A = −1. The rotational decay of these A = +1 states is only slightly less effective (by about a factor of 5) than the decay of the A = +1 states according to (A). Hence, we combine all A = +1 states located in the upper triangle to 'I-class' states with the relatively largest widths. The A = −1 states below the diagonal that can decay according to (A) define the 'IIclass' states. Their widths (of the order of 10 0 meV) are one to two orders of magnitude smaller than the widths of the I-class states. Among the A = −1 states are also 'III-class' states located directly below the diagonal. They can only decay according to (C) along the diagonal and their widths (10 −4 -10 −2 meV) are more than two orders of magnitude smaller than those of II-class resonances.
To summarize, the propensity rules (A), (B) and (C) group the 1 P o resonant states of helium into three classes I-III with typical widths separated by at least two orders of magnitude, I : II : III ≈ 10 4 : 10 2 : 1. Since the propensities depend on the nodal structure [N 1 N 2 m], they should not only hold for the intrashell states n = N as demonstrated in figure 5 , but also for entire series characterized by a single [N 1 N 2 m] configuration. IIIclass states for 1 P o resonances are restricted to the [N − 1, 0, 0] − configurations, which enforce decay through a N 1 = 0 transition (C). The special character of these states is also highlighted in Lin's classification where they are the only 1 P o states with A = 0 (see table 1 ). To this class belong states of the [N 1 N 2 m] A = [100] − Rydberg series, with very small widths as a consequence ( figure 5(b) ). In contrast the I-class series [001] + has an allowed transition ( m = −1, rule (B)) into the (only available) continuum channel [000] − and the widths are correspondingly large. The [010] − series is of II-class and has correspondingly smaller widths. Figure 5(b) clearly demonstrates the three classes and large differences of the widths between these classes in the N = 2 manifold. The widths of the Rydberg series in the manifolds N = 3-7 will be discussed in section 4.
Dipole transitions.
Propensity rules for radiative transitions can be derived by analysing the dipole matrix elements according to the nodal structure of the resonant wavefunctions, which is a simple analytical task on the potential saddle for 2 r ≡ r 1 + r 2 = 0. This region in configuration space is most relevant for symmetrically excited electrons with N ≈ n. It corresponds to the equilibrium geometry of a linear ABA molecule [49] . Not surprisingly, the relevant quantum number
for radiative propensities quantizes the two-fold degenerate bending motion of tri-atomic molecules and can be derived by normal mode analysis about the saddle point [14, 24] . Dipole matrix elements within the saddle approximation follow the selection rule
that survives for the entire dynamics as a propensity rule. Rule (D) has been derived from properties of the doubly excited state involved in the dipole transition. A preference among the possible transitions according to (D) can be induced by the second state of the dipole matrix element. For instance, in radiative decay of doubly excited 1 S e (i.e. A = +1) states, rule (D) has been confirmed with a preference for v 2 = 0 transitions [24] . This is because the wavefunction of a true resonant state designated by the approximate quantum numbers [N 1 , N 2 , m] A contains an admixture of the channels [N 1 , j, m] A with j < N 2 . The admixture has the effect that the wavefunction of the doubly excited state has a tail of amplitude at smaller electron-nucleus distances. Hence, it enhances the overlap with spatially less extended (less excited) states. However, the tail is larger for A = +1 states than for A = −1 states due to larger coupling indicated by the narrower avoided crossings between the A = +1 potential curves (see figure 3 ). Therefore, among the transitions according to (D), a preference exists for the transition which has the least number of avoided crossings between the two states involved in the dipole matrix element, and A = +1 for the higher excited state. Hence, there is a preference for v 2 = 0 for radiative decay of 1 S e (i.e. A = +1) states. In this way one could also view the propensity (A) for autoionization.
Here, we are interested in photoabsorption into doubly excited states from the ground state of helium. The final A = +1 states with the admixture of lower channels for the relatively best overlap with the ground state can only be m = +1 states due to the 1 P o symmetry. Therefore, we expect a preference for v 2 = 1 (26) transitions (i.e. m = 1). In each manifold N there is only one series [0, N − 2, 1] + fulfilling this condition. We will call this series the principal series as it is commonly referred to in literature. Propensity rule (D) refers to the bound part B 2 n (see (7a)) of the dipole matrix elements D 2 n . The propensities hold, as for autoionization, for the Rydberg series built on respective configurations [N 1 N 2 m] A . Figure 5(c) shows absorption from the ground state [000] + into the N = 2 manifold. As expected, the principal series [001] + has the largest (B * ) 2 values, those of [010] − and [100] − , not supported by (26) , are much smaller. A systematic overview for higher manifolds N will be given in the next section.
Systematics of 1 P o resonances and their propensities in the manifolds N = 2-7
In this section, we will analyse the parameters of the Fano parametrization n , q n , and also B 2 n as well as the quantum defect δ n in their reduced form according to (14) for a large number of Rydberg series. We will check the propensities for autoionization and dipole excitation as described in the previous section and we will also identify three different sources of irregular behaviour. Each subsection highlights one special feature described in the heading. All theoretical data are given in the form of tables in the appendix.
N = 2: almost vanishing decay leads to large fluctuations in q of [100] −
Autoionization and dipole propensities for the N = 2 manifold have already been discussed. A closer inspection of the widths of the [100] − series reveals that they are close to zero around ν = 5. As can be seen from the quantum defects ( figure 5(a) figure 5(b) ). An exact 'bound state in the continuum' with n = 0 would imply an infinite q n according to (4) . Hence, the very small widths n ≈ 10 −10 au lead to large fluctuations in q n of the [100] − series ( figure 5(d ) ).
N = 3: interference between [011] + and [101] + induces fluctuations in q of [101] +
The widths ( figure 6(b) ) are in perfect agreement with the autoionization propensities: large widths for the I-class series [011] + and [101] + , smaller widths for the II-class series [020] − and [110] − , and very small width for the III-class series [200] − without the preferred decay channel (rule (C)). Behaviour as expected according to the propensities is also found for the dipole transition probability to the bound part of the resonance wavefunction, B 2 n , as shown in figure 6(c) . The dipole-favoured principal series [011] + is stronger than all other series. However, the [101] + series shows rather strong variations in B 2 n and also in q ( figure 6(d ) ). The reason for this is an interaction between the [011] + and [101] + series, made possible by similar quantum defects (see the chain line (0 + ) in figure 6(a) and table 2). Again, as in the N = 2 manifold, the energetically almost degenerate resonant states belonging to two different Rydberg series interfere leading to the irregular pattern in B 2 n and q n . Note that an interference of two Rydberg series with A = +1 and A = −1 due to their almost degenerate quantum defects cannot occur in the spectra of doubly excited states with angular momentum L = 0 most extensively studied by theory.
N = 4: exceptional behaviour of the [111] + series
Looking first at the widths ( figure 7(b) ), we see a grouping according to the propensities into three blocks, where the first one ( * ≈ 5 × The dipole propensities predict a dominant absorption into the principal series [021] + which is confirmed by the calculation (figure 7(c) ). The series [201] + is strongly modulated. The reason for this is the same mechanism as in N = 3 and N = 2. Almost degenerate states of different series interfere, namely members of the [201] + and [210] − series, as the quantum defects reveal (chain line (0 + ) in figure 7(a) and table 2). We also know that these interferences lead to modulations in q for the respective series, which is indeed the case (see q n for the [210] − series in figure 7(d ) ).
However, there is a new, unusual behaviour: The series [111] + absorbs almost as much oscillator strength as the principal series [021] + . Moreover, [111] + has the largest widths in the N = 4 manifold. The anomaly cannot be explained with the interference mechanism introduced so far. It is a very special case, where the resonant wavefunction [111] + has a character similar to that of the ground-state wavefunction of helium: the respective charge densities have an almost isotropic angular distribution denoted by the same correlation quantum numbers K = N 2 − N 1 = 0 and A = +1 for both states. An overlap that is larger than with other wavefunctions in the same manifold N = 4 is the consequence. This large overlap results in comparatively large widths for the members of the [111] + series and an enhanced ability to absorb light from the ground state. Note that it is important that K and A of the initial and final state coincide. For [110] − e.g. K is also zero but A = −1, and the series behaves regularly. Note that B 2 n as well as q n are very sensitive, and we have only obtained converged numerical values for a few resonances of the weaker Rydberg series of class II and III.
N = 5: the effect of perturber states
So far we have dealt with Rydberg series whose irregularities were caused by interactions with resonances belonging to other Rydberg series of the same manifold N or by properties of the initial state. In the N = 5 manifold, the influence of a so called perturber or intruder becomes visible. A perturber is a state that belongs from its quantum numbers to a Rydberg series of a higher manifold, e.g. in the present case to N = 6. However, its energy E n is so low that it lies below the energy of a lower threshold, here N = 5. Hence, energetically, this state can perturb all the series of the N = 5 manifold. However, according to the mechanism which also leads to the autoionization propensities, Rydberg series which differ by N 2 = ±1 are most strongly coupled (through avoided crossings), which means that a perturber with quantum numbers [N 1 N 2 m] A has the strongest influence on the series [N 1 , N 2 − 1, m] A . The perturber state itself no longer exists as a true resonance. Instead, the perturbed Rydberg series contains one state more leading to a jump of the quantum defect near the energy of the perturber [50] . If this jump is unity, the perturber state is entirely absorbed into the respective Rydberg series. This is almost the case in the N = 5 manifold indicating how effective the coupling mechanism of the avoided crossings is, since energetically the perturber state could influence all the series in the N = 5 manifold and not just the one to which it is connected by N 2 ± 1. In the energy range of figure 8(a) we have one perturber state from [041] + which leads to a jump of the quantum defect for [031] + around ν = 7. The second perturber from [131] + induces a jump in δ n for the [121] + series. The corresponding reduced widths ( figure 8(b) ) also show a modulation near the location of the perturbers. A position and width can be assigned to a perturber state by analytically detuning the basis-set for the diagonalization so that the perturbed Rydberg series remains unresolved. Numerical results for the perturber states obtained in this way are labelled by 'PT' in the tables in the appendix.
Otherwise, the widths are still regular enough to recognize the familiar pattern of the three classes. The four series of I-class have widths approximately larger by a factor of 10 than the four series of II-class, whose widths in turn are an order of magnitude larger than those of the III-class series [400] − . Note, however, that the reduced widths of the three classes are much less separated (by a factor of 10) than in the N = 3 manifold (by a factor of 100). This is a sign of the increasing instability of the resonances and the increasing number of possible decay channels.
It is not surprising that the dipole excitation probabilities B 2 , which are more sensitive to details of the dynamics than the widths, show very large variations over seven orders of magnitude (see table A4 in the appendix). Note that B * influence only selected Rydberg series, namely those to which they are connected by a quantum number difference of N 2 = 1. This shows that the mechanism which controls the coupling between channels [N 1 N 2 m] A and which is responsible for the propensity rules (see section 3.2) is still operative. For increasingly higher excitation, even this rule seems to break down, since a perturber state couples to more than one Rydberg series, as indicated by a jump of less than unity in the quantum defect of a single Rydberg series due to a perturber. However, there is an alternative and consistent interpretation of this observation: very high-lying Rydberg series are composed of several pure [N 1 N 2 m] A 'channels' which reflect the loss of the approximate quantum numbers. Assuming that a perturber with quantum numbers [N 1 N 2 m] A connects only to the component which fulfils N 2 = 1, one can conclude that all Rydberg series which are perturbed by the specific perturber contain the [N 1 , N 2 − 1, m] A channel. This interpretation has been worked out up to much higher manifolds for 1 S e states of helium in [25] . The 1 P o resonances are different from the 1 S e states since A = +1 and A = −1 states are not separated by an exact symmetry. However, for the manifolds N = 2-7 discussed here, all the propensity rules and quantum numbers have been demonstrated to hold to the same accuracy as in the case of S symmetry. 
Summary
We can summarize that helium resonances, photoexcited from the ground state, are organized in regular series roughly up to the N = 5 threshold of He + . The mechanisms, which cause limited violations of the propensity rules for autoionization and for dipole absorption, are (i) interference of A = +1 and A = −1 channels within one manifold N due to similar quantum defects δ n , (ii) morphological similarity of the resonant wavefunction with the initial-state wavefunction, expressed by identical correlation quantum numbers K = N 1 − N 2 = 0 and A = +1, and finally (iii) the perturber states which begin to dissolve the regular spectrum starting in the N = 5 manifold. Furthermore, we may group the quantities that are relevant to photoabsorption according to their sensitivities on details of the dynamics. The sensitivities follow from the nature of the quantities and can clearly be seen by comparing the presented figures. Least sensitive is the energy position E n as the real part of a diagonal matrix element. More sensitive is the width n as the imaginary part of a diagonal matrix element, followed by B n which is the real part of an off-diagonal matrix element. The most sensitive parameter in photoabsorption is q n , which is the ratio of the real and imaginary part of an off-diagonal matrix element. If in the future even higher resonance data should become available, both experimentally and theoretically, we will see if a mixing between A = ±1 has a significant effect on the spectrum at higher energies. Furthermore, it will be very interesting to monitor experimentally with ultrahigh resolution the loss of the regular resonant structure for higher excitations N and to observe and analyse a qualitatively new regime of overlapping resonances [51] [52] [53] . This regime will coexist with regular tails of Rydberg series which should prevail for planetary configurations n N 1 and might open a completely new perspective on highly correlated electron dynamics. The values for E, /2, and q are numerically converged to the digits shown. All data are in atomic units; energies are measured against the double ionization threshold I ∞ at E = 0. From the theoretical resonance positions E, the photon energies at which the resonances appear are obtained as 
